In this paper, an analytical method is proposed for calculation of natural frequencies of a delaminated composite beam from both free and constrained mode frequencies. In previous studies, the frequencies of a delaminated composite beam were computed with assumption of occurring open or close delamination during the vibration. According to this assumption, two separated modes, i.e., "free mode" and "constrained mode", are occurred in vibration of the delaminated beam. In fact, a delamination may breathe (open and close) during the vibration and the assumptions of the free or constrained mode models are not completely correct in the whole of the vibration period. For this reason, a new formulation is proposed for calculation of natural frequencies based on the breathing of delamination. The obtained results are compared with various theoretical and experimental results available in the literature. Thus, the effects of location and size of delamination can be investigated on the natural frequencies of delaminated beams.
Introduction
Advanced composite materials are increasingly used in structural designs of aircraft, helicopters, spacecraft, automobiles, marine and submarine vehicles because of desirable properties like high strength and stiffness, lightweight, fatigue resistance, and damage tolerance, etc. However, composites are very sensitive to the anomalies induced during their fabrication or service life. One of the commonly encountered types of defects or damage in laminated composite structures is delamination. Delaminations may originate during fabrication or may be service-induced, such as by impact of fatigue loading. Delaminations not only affect the strength and integrity of the structure but also cause the reduction of the stiffness, thus affecting its vibration and stability characteristics. Reflections of these effects in dynamic response are the alteration of natural frequencies and damping ratios. In addition "delamination modes" which are related to the opening of the delaminated region during the dynamic response will appear in some cases. As a result, considerable analytical, numerical and experimental efforts have been expended to capture these phenomena.
One of the earliest models for vibration analysis of composite beams including delaminations was proposed by Ramkumar et al. (1979) . They modeled a beam with one through-thickness delamination by simply using four Timoshenko beams connected at delamination edges. Natural frequencies and mode shapes were solved by a boundary eigenvalue problem. By using their model, the predicted natural frequencies were consistently lower than the results reported in experimental measurements. Authors attributed this discrepancy to the effect of contact between the delaminated "free" surfaces during vibrations. They suggested that the inclusion of the contact effect may improve the analytical prediction.
To study the influence of a through-width delamination on the free vibration of an isotropic beam, Wang et al. (1982) presented an analytical model using four Euler-Bernoulli beams that are joined together. They assumed that the delaminated layers deform "freely" without touching each other ("free mode" model) and will have different transverse deformations. Later, Mujumdar and Suryanarayan (1988) presented two models namely the free mode model and the constrained mode model for the flexural vibrations of isotropic beams with delamination at the mid-plane as well as at the off-mid-plane locations. Experimental results have also been presented for various cases of delaminations in the beams. The paper concluded that the constrained mode model in which the transverse displacement and the normal stress of the upper and lower layer at the delaminated interface have been constrained to be the same, gives results in good agreement with the experimental results. The free mode model (similar to the one developed by Wang) under-estimates the frequencies, particularly at the higher modes.
The "constrained model" fails to explain the delamination opening modes found in experiments. In these experiments conducted by Shen and Grady (1992) , opening modes were even found in the first bending mode of the beam for some delamination cases. However, their finite element formulations (Model A and B) were essentially followed the "constrained model" by Mujumdar and Suryanarayan (1988) and the "free model" by Wang et al. (1982) . In this paper "Model A" is corresponding to the "constrained model" and the "Model B" is corresponding to the "free model". The discrepancy between the results predicted by the two models is significant even in cases where mode shapes do not show any opening in the delamination region. Furthermore, in some cases, opening delamination modes were shown clearly in their experiment, while the "constrained model" frequency prediction had a better match with the corresponding experimental results for these modes, even though the delamination cannot open using the "constrained model". Hu and Hwu (1995) presented an analytical model based on the Timoshenko beam theory for the free vibrations of delaminated sandwich beams. Lee (2000) investigated a displacement-based layerwise finite element model for the analysis of free vibration of delaminated beam. in this study, the effects of the fiber angle, location, size and number of delamination are investigated. A review paper on the vibration-based model-dependent damage (delamination) identification and health monitoring for composite structures is presented by Zou et al. (2000) . This paper deals with various models proposed for the free vibrations of delaminated beams. In the analytical research done by Luo and Hanagud (2000) , a piecewise-linear spring model is used to simulate the behavior between delaminated surfaces. Shear and rotary inertia effects, as well as bending-extension coupling, are included in the governing equations. Frequencies and mode shapes are solved through a boundary eigenvalue problem. The proposed model includes the "free model" and the "constrained model" as special cases. The nonlinear response simulated by this model shows good agreement with the experiment results. Karmakar et al. (2005) presented the effect of delamination on free vibration characteristics of graphite-epoxy composite pre-twisted shallow shells of various stacking sequences considering length of delamination as a parameter. An exhaustive review on the vibration of delaminated composites has been presented by . The paper deals with various analytical models and numerical analysis for the free vibration of composite laminates. Della et al. (2009) developed analytical solutions to study the free vibrations of multiple delaminated beams under axial compressive loadings. The Euler-Bernoulli beam theory and free mode and constrained mode assumption in delamination buckling and vibration are used in the analysis. Ramtekkar (2009) presented free vibration analysis of laminated beams with delamination using mixed finite element model. Analytical solutions for beams with multiple delaminations have been presented by some researchers. and Della and Shu (2005) used the "free mode" and "constrained mode" assumptions to study a composite beam with various multiple delamination configurations. Their study emphasized on the influence of a second delamination on the first and second natural frequencies and the corresponding mode shapes of a delaminated beam. also studied the free vibration of a delaminated bimaterial beam using Euler-Bernoulli beam theory.
In this paper, an improved analytical formulation is proposed for calculation of combined natural frequencies based on the free and constrained mode frequencies derived from theoretical methods. This analysis has been conducted by employing the "free mode" and the "constrained mode" models on the beam with single delamination with various lengths and depth (different interfaces) located at the center of the beam. The improved combined natural frequencies have been considered and the results have been compared with various theoretical and experimental results available in the literature. These results address the effects of the location and size of delamination on natural frequencies of delaminated beams. Fig. 1 shows a cantilever beam with a single delamination at an arbitrary location and various lengths. L, h and a are beam length, beam thickness and delamination length, respectively.
Theoretical modeling

Fig 1. Geometry of the delaminated beam
The beam is separated along the interface by a delamination with length a and located at the center of the beam. Dimensionless depth of delamination is defined as:
where h t is the depth of delamination from the top of the beam. Small values of α t refers to delamination nearer to top surface of beam and α t =1 refers to mid-plane delamination (h t =h/2).
The beam can be subdivided into three span-wise regions, a delamination region and two integral regions. The delamination region is included of two segments (delaminated layers), beam 2 and beam 3, which are joined at their ends to the integral segments, beam 1 and beam 4. Each of the four beams is treated as beams with different boundary conditions.
Fig 2. Delaminated beam as four interconnected beams
Free mode model
In "free mode" model, it is assumed that the delaminated layers deform "freely" without touching each other and have different transverse deformations. The governing equations for the free vibration of a delaminated beam using the Euler-Bernoulli beam theory are:
where D i is the reduced bending stiffness of the ith beam and is presented by , ρ i is the mass density and A i is the cross-sectional area of the beam. The mechanical properties of the composite beams are determined using the classical laminate theory. 
and λ i are the non-dimensional frequencies. The lowest eigenvalue λ is the non-dimensional primary frequency of the beam. The 16 unknown coefficients C i , S i , CH i and SH i are determined by four boundary conditions and twelve continuity conditions . A non-trivial solution for the coefficients exists only when the determinant of the coefficient matrix vanishes. The frequencies and mode shapes can be obtained as eigenvalues and eigenvectors, respectively.
Constrained mode model
The "constrained mode" model is simplified by the assumption that the delaminated layers are in touch along their whole length all the time, but are allowed to slide over each other. Therefore, the delaminated layers have the same transverse deformations (w 3 =w 2 ). This is reasonable since if there is no opening in the delamination region, the "free model" and "constrained model" are essentially the same. In this model the governing equations are:
For beams 2 and 3; (6-2) =0
The generalized solutions for the constrained model are identical in form to the free model. The unknown coefficients C i , S i , CH i and SH i , however, are reduced to twelve coefficients, which can be determined by four boundary conditions and eight continuity conditions.
Combined natural frequency
Here, an example is presented for calculation of combined natural frequency from Lee (2000) . In this example, a delamination is located close to the surface (h t /h=0.2) as shown in Fig. 1 . For a/L= 0.3, the calculated first vibration mode shape is demonstrated in Fig. 3(a) . As shown in this figure, the delamination opens when the beam vibrates upward. When the beam vibrates downward, however, this mode shape is inadequate for representing the motion because there may be an overlapping between two sublaminates. In fact, the delamination should close when the beam goes down (Fig. 3(c) ). Consequently, the beam does not exhibit classical vibration modes, and strictly speaking, the natural frequencies cannot be defined in this case. However, assuming that the two delaminated parts have the same velocities as well as same deflections at status (b) in Fig. 3 , a total period T can be approximated by averaging of the period of two states as follows: (7) 1 Accordingly, from the relation between period and natural frequency, the combined natural frequencies can be estimated as follows:
The first non-dimensional natural frequencies for the modes of open delamination, closed delamination, and combined modes are presented for a/L= 0.3 and 0.6 in Table 1 . It should be noted that the velocity matching assumption appears to be somewhat inappropriate for a longer delamination (a/L= 0.6). This is because the first vibration mode for delamination opening shows almost pure local vibration of the thin upper layer while delamination opening-suppressed mode is global. This results in substantial difference in vibration frequencies between the two cases. Therefore, more rigorous analysis appears to be necessary for local-mode type vibration of delaminated composites. 
Improved combined natural frequency
In this paper, a new improved analytical formulation is introduced for calculation of combined natural frequency based on the free and constrained frequencies. In this method, total period T is approximated by adding the period of two states with weighted factors as follows:
where α t is defined in Eq. (1). Accordingly, from the relation between period and natural frequency, the combined natural frequencies can be estimated as follows:
The obtained results from the proposed method are compared with various theoretical and experimental results available in the literature. This results and comparison also addresses the effects of the location and size of delamination on natural frequencies of delaminated beams.
Numerical investigations are undertaken for the free vibrations of cross-ply laminated cantilevered beams with embedded internal delaminations of different sizes and at several different locations. For this purpose, an eight-layer symmetric cross-ply laminated [0/90] 2s beam, under the clamped-free supports is considered. The locations of delaminations through-the-thickness are defined as mentioned in the work of Shen and Grady (1992) . "Interface 1" implies the mid-plane delamination, while "Interface 4" implies the skin ply delamination and so on. Lengthwise delamination locations are at the middle of beams. Delamination dimensionless length (a/L) includes 0 (intact), 0.2, 0.4, 0.6, and 0.8. Fig. 3 shows interfaces and dimensions for a cross-ply delaminated beam. The mechanical properties of the unidirectional graphite/epoxy are presented in Table 2 . 
Results and Discussion
The fundamental frequencies of a delaminated composite beam with various locations and sizes of delamination are presented in Table 3 -6. The experimental results and analytical results related to Model A and B are provided from Shen and Grady (1992) . The frequencies obtained from the combined natural frequency model are presented by Lee (2000) . Improved natural frequencies obtained from new formulation presented in this paper are also presented in the tables. It is observed that the fundamental frequencies obtained by the new improved analytical formulation for calculation of combined natural frequency, closely match with the experimental results of Shen and Grady (1992) for most of the cases. 
Conclusions
Free vibration behavior of delaminated composite beams with different stacking sequences and various delamination sizes are investigated in this study. An improved analytical formulation is oriented for calculation of combined natural frequency based on the free and constrained modes derived from theoretical methods. The frequencies obtained from the proposed model are assessed by various theoretical and experimental results available in the literature. These results address the effects of the location and size of delamination on natural frequencies of delaminated beams. The proposed combined natural frequency is compared with experimental results and shows better agreement than previous formulations for combined natural frequency. The comparison of improved combined natural frequency with theoretical and experimental results shows better agreement.
